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Motion of a particle is examined during jet discharge of a viscous 
liquid in the region Re ~ 300 with a hydrodynamic resistance 
coefficient which takes account of all the inertial terms. 

TO so lve  p r a c t i c a l  p r o b l e m s  connec ted  with j e t  d i s -  
c h a r g e  of d u s t - l a d e n  g a s e s  and l iquids ,  in  which t h e r e  
a r e  so l id  p a r t i c l e s ,  we need to d e t e r m i n e  the mean  
f r e e  path  of a p a r t i c l e ,  i t s  r e l a t i v e  ve loc i ty ,  a s  we l l  
as  the  t i m e  dur ing  which the  p a r t i c l e  o r  the  d rop  of  
l iquid has  th i s  r e l a t i v e  ve loc i ty .  
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Fig .  1~ Schemat ic  of the  mot ion  in a c i r c u l a r  
f r ee  jet~ 

Exac t  ca l cu la t ion  of the  t r a j e c t o r y  of a p a r t i c l e  in 
the  a e r o d y n a m i c  r e s i s t a n c e  f o r c e  f ie ld  of a j e t  i s  qui te  
a di f f icul t  p r o b l e m .  An a t t empt  was  made  in r e f e r e n c e  
in [1] to d e t e r m i n e  the t r a j e c t o r y  of a p a r t i c l e  in such  
a f ie ld .  However ,  in  the  ca l cu l a t i ons  a h y d r o d y n a m i c  
r e s i s t a n c e  coef f i c ien t  ~ was  a s s u m e d  for  the  med ium,  
p a r t i a l l y  t ak ing  into account  the  i n e r t i a  t e r m s .  It was  
shown iri [2, 3] tha t  use  of a coef f i c ien t  ~, p a r t i a l l y  
t ak ing  account  of i n e r t i a  t e r m s  (V 0 = eonst )  for  the de -  
c e l e r a t e d  mot ion  of the  p a r t i c l e s  (V 0 -~ 0) l eads  to con-  
s i d e r a b l e  e r r o r s ,  which i n c r e a s e  with i n c r e a s e  of the  
Reyno lds  number  (Re ~ 300). 

We sha l l  examine  the mot ion  of a p a r t i c l e  in a c i r -  
c u l a r  f r ee  je t ,  i s s u i n g  into a s e c o n d a r y  s t r e a m ,  which 
m o v e s  wi th  cons t an t  v e l o c i t y  (V s = eonst) ,  in the  r e -  
gion Re -< 300~ We sha l l  a s s u m e  tha t  the  flow p o s s e s s -  
e s  ax ia l  s y m m e t r y ,  and the x axis  co inc ide s  with the 
axis  of the  j e t .  The c o o r d i n a t e  o r i g in  i s  loca ted  in the  
c e n t e r  of the p lane  of the  a p e r t u r e  f rom which the  j e t  
i s s u e s  (Fig~ 1). 

The e x t e r n a l  p r e s s u r e  s t r e a m  at the  j e t  boundary  
i s  cons tan t  and t h e r e f o r e  the  p r e s s u r e  g r a d i e n t  Op0/0x = 
= 0 (s ince V S = const) .  The ve loc i ty  of the s t r e a m  
V(x, r)  in the c i r c u l a r  f r ee  je t  may  be c a l c u l a t e d  by one 
of the  t h e o r i e s  d e s c r i b e d  in r e f e r e n c e s  [4 -10 ] .  

F o r  the  c a s e  under  e x a m i n a t i o n  we accep t  the  d i f ,  
fus ion  method of v o r t i c i t y  t r a n s p o r t  d e s c r i b e d  in [4, 
10], which g ives  s a t i s f a c t o r y  a g r e e m e n t  with e x p e r i -  
men ta l  da ta .  The e s s e n c e  of th i s  method i s  tha t  the 

d i f f e r en t i a l  equa t ions  of mot ion  for  the m o m e n t u m  plV2~ 
m u s t  be ana logous  to the  equat ions  of m o l e c u l a r  diffu-  
s ion  o r  hea t  conduct ion,  s ince  e x p e r i m e n t a l  m e a s u r e -  
m e n t s  have shown tha t  the  d i s t r i bu t i on  of v e l o c i t i e s  in 
t r a n s v e r s e  s e c t i o n s  a long the  path of the  mix ing  (the 
x axis} a r e  a good a p p r o x i m a t i o n  to the  Gauss i an  e r r o r  
c a r v e .  T h e r e f o r e ,  to so lve  the  d i f f e r e n t i a l  equat ions  
the  fol lowing condi t ion  i s  a s s u m e d :  the  i n t ens i t y  of 
t r a n s p o r t  of m o m e n t u m  c o r r e s p o n d i n g  to component  
V r in  the  t r a n s v e r s e  d i r ec t i on  (along the r axis) ,  with 
ve loc i ty  V x is  p r o p o r t i o n a l  to the change of the 

2 in th is  t r a n s v e r s e  d i r ec t ion ,  m o m e n t u m  flux P lVr 
i . e . ,  

g~g;, = - L (x) .ar ~ ( I )  
Or 

The equat ion of  mot ion  in the  p r o j e c t i o n  on the x axis  
i s  a s  fo l lows:  

(V-x ~ ~ OV--x ~ 1 0 (r, a~.,). (2) 
~o\ ax + -~--r ] r Or 

Substituting the values Vx = ~s + V2 into (2) we obtain 

* - 0.5 r, - - - -  . (3) 
V d Or V d ~ r  Pl, Y~ 

Neg lec t ing  t e r m s  conta in ing  the v i s c o s i t y  and the  
p r e s s u r e ,  and a l so  t ak ing  Pl = cons t ,  we sha l l  w r i t e  
the  equat ion of c o n s e r v a t i o n  of m o m e n t u m  on the b a s i s  
of (3) to be 

a v~ I a (r,Y~,v~). (4) 
c)x r Or 
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Fig .  2. Qua l i t a t ive  p i c t u r e  of the behav io r  
of p a r t i c l e  t r a j e c t o r i e s  in the  phase  plane 

pox. 
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A s s u m i n g  2 _ ~r - V x - V  2 + V  2, w h e r e  = 2 V s V  o + V o z + ~ 2 ,  
Eq. (4) m a y  be t r a n s f o r m e d  into the  fol lowing fo rm;  

0~- \ a~l (5) 

In the  c a s e  when the d i s t r i b u t i o n  of v e l o c i t i e s  i s  
s i m i l a r  in  s u c c e s s i v e  c r o s s  s ec t i ons ,  we m a y  w r i t e  

V~ - -~G),  V---~-~ =I~G),  G . . . .  = f G ) .  (6) 
V~,m=x V2,m=x Vd 

This  condi t ion  of s i m i l a r i t y  of p r o f i l e s  i s  o b s e r v e d  in 
two e a s e s :  when ~r s >> 1, and a l so  when ~r s << 1~ 
We sha l l  examine  the  c a s e  when V s = 0. 

A s s u m i n g  ~2/@ I = f (~l)f (~2) ,  w h e r e  ~1 and ~2 a r e  
d e t e r m i n e d  by r e l a t i o n s  (6), we obta in  a so lu t ion  of 
Eq~ (5) 

1/(x, r) = C V  d D e x p ( - - x q - a ~ ) ~  
x N a  \ 2L(x) - (7) 

F r o m  Eq. (7) we m a y  obta in  the  va lue  of the v e l o c i -  
ty  V (x, 0) on the j e t  ax is  (~2 = 0) 

'Y(x, O) = C V  d D . (8) 
x q - a  

Having d e t e r m i n e d  the law of v a r i a t i o n  of  v e l o c i t y  
(x, r) a long the x axis ,  we sha l l  w r i t e  down the d i f -  

f e r e n t i a l  equat ion of  mot ion  of a p a r t i c l e  in the f ie ld  
of the  a e r o d y n a m i c  r e s i s t a n c e  f o r c e  of the  m e d i u m  
for  the  r e g i o n  Re < 1 (r = 24 /Re) :  

rn dV~ = 3m] dV o, (9) 
dt 

w h e r e  V 0 i s  the r e l a t i v e  v e l o c i t y  of  the  s t r e a m  with 
r e s p e c t  to the  p a r t i c l e  

F0= ~ (x, r) - -  ~=. (IO) 

Subst i tu t ing  the va lue  ~0 f r o m  (10) into (9) and a s s u m -  
ing  V (x, r) = V (x, 0), we m a y  w r i t e ,  fo l lowing a p p r o -  
p r i a t e  t r a n s f o r m a t i o n s ,  the  d i f f e r e n t i a l  equat ion  of 
mot ion  of the  p a r t i c l e  a long the j e t  axis  in the  fo l lowing 
f o r m  

x ( x " + c x x ' )  = %  (11) 

w h e r e  a = 18q/dep._,; y = CVd/Dd. 

The so lu t ion  of the  n o n - l i n e a r  equat ion  (11) m a y  be 
w r i t t e n  as  

.v -- ? exp (z'-'/27) (12) 
a 3 exp (z~-/2y) dz ' 

w h e r e  z = ~x + XVo 
Equat ion (12) cannot  be so lved  in e l e m e n t a r y  func-  

t ions  and m a y  be so lved  g r a p h i c a l l y .  However ,  without  
l o s s  of g e n e r a l i t y  and without  l a r g e  e r r o r s ,  an a p p r o x -  
i m a t e  so lu t ion  of (11) m a y  be found. 

We shal l  ana lyze  the  behav io r  of the  t r a j e c t o r i e s  
( in tegra l  c u r v e s )  of mot ion  of a p a r t i c l e  d e s c r i b e d  by 
the d i f f e r e n t i a l  equat ion  (11). To do th i s  we sha l l  con-  
s t r u c t  a p i c t u r e  of phase  t r a j e c t o r y  in the  phase  plane~ 

By the subs t i tu t ion  p = x v, pp, = x ~ we sha l l  t r a n s -  
f o r m  Eq. (11) to the fo l lowing f o r m :  

d_~p __-- ~ __ a. (13) 
dx  px  

A n a l y s i s  shows tha t  d p / d x  = 0 d e t e r m i n e s  a h y p e r -  
bo la .  When dx /dp  = 0, - d p / d x  = ~o we have v e r t i c a l  
t angen t s .  T h e r e  a r e  no s i n g u l a r  po in t s .  The ax i s  p = 
= T/~X,  which in t u r n  a p p r o a c h e s  the  x ax i s  a s y m p -  
t o t i c a l l y .  This  i n d i c a t e s  tha t  the  p a r t i c l e  v e l o c i t y  V 0 
a s y m p t o t i c a l l y  a p p r o a c h e s  ze ro  with  i n c r e a s i n g  d i s -  
t ance  f rom the noz z l e .  
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Fig .  3. R e l a t i v e  p a r t i c l e  v e l o c i t y  V 0 ( m / s e c )  v e r -  
sus  the  t i m e  t (sec)  for  d (/~): 1--500;  2--200;  3-- 

100; 4--50;  5--10.  

F o r  an a p p r o x i m a t e  so lu t ion  of  Eq. (11) we sha l l  
use  a method  of s u c c e s s i v e  i n t e g ra t i on ,  t ak ing  the gas  
v e l o c i t y  at  each  t i m e  s t ep  to be cons t an t  and equal  to 
i t s  va lue  at  the  beginning  of the  s t ep .  Then, by d i f f e r -  
en t i a t ing  (10) wi th  r e s p e c t  to t i m e ,  and subs t i tu t ing  
the  va lue  of dVu/dt  into Eq. (11), fo l lowing the  a p p r o -  
p r i a t e  t r a n s f o r m a t i o n s ,  we obta in  

dV~ -- a dr. (14) 
Vo 

In t eg ra t ing  (14) wi th in  the  l i m i t s  t 1 = 0 and t 2 = t 
and the  v e l o c i t y  f r o m  V 0 to V 0 = V(x, r ) ,  we ob ta in  

V o = V ( x ,  r) exp(--  a t). (15) 

As i s  s een  f r o m  F ig .  3, p a r t i c l e s  with d <- 50 p. a r e  
d e c e l e r a t e d  by the  m e d i u m  in the  c o u r s e  of 0.12 see  
(the va lue  of r e l a t i v e  v e l o c i t y  be tween  the p a r t i c l e  and 
the  s t r e a m  is  a p p r o x i m a t e l y  z e r o  a f t e r  th i s  t i m e  in -  
t e r v a l ) .  P a r t i c l e s  with d -< 10 # a r e  d e c e l e r a t e d  by the 
m e d i u m  in a t i m e  ~0.01 s ec .  

The mot ion  of  c o a r s e r  p a r t i c l e s  (d > 50 #), how-  
eve r ,  t a k e s  p l ace  in the  r e g i o n  Re - 300. It was  shown 
in r e f e r e n c e s  [2, 3] tha t  the  use  of  a h y d r o d y n a m i c  r e -  
s i s t a n c e  coe f f i c i en t  of the  me d ium,  p a r t i a l l y  t ak ing  
into account  i n e r t i a  t e r m s  (V 0 = cons t )  dur ing  the  de -  
c e l e r a t i o n  of the  p a r t i c l e s ,  and a l s o  the  u se  of the  c o -  
e f f i c ien t  ~ = 2 4 / R e  for  the  r e g i o n  Re >> 1 l e a d s  to con-  
s i d e r a b l e  e r r o r s .  

Dur ing  j e t  d i s c h a r g e  of d u s t - l a d e n  g a s e s ,  as  the  
r e s u l t  of l ower ing  of the  v e l o c i t y  of the  gas,  a r e l a t i v e  
v e l o c i t y  a r i s e s  be tween  the  p a r t i c l e  and the s t r e a m ~  
The va lue  of  the  r e l a t i v e  v e l o c i t y  V 0 v a r i e s  f r o m  the 
h ighes t  to the  lowes t  va lue s  (V 0 ~ 0), s i nce  the  p a r -  
t i c l e  i s  d e c e l e r a t e d  by the  m e d i u m .  

The d i f f e r e n t i a l  equa t ion  of mot ion  of  a p a r t i c l e  in 
the  r e g i o n  Re - 300 i s  as  fo l lows:  

.,d!q. ' B ~ a d  ~ V'  = ( A + ; (16)  
dt  I x ~ / o  
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where  A and B are  cons tan t s  equal to 0.12 and 37, r e -  
spect ively ,  for  the reg ion  Re --< 300 [2], taking into 
account  i ne r t i a  t e r m s  dur ing  the dece le ra ted  change 
of r e l a t i ve  veloci ty .  For  more  exact  ca lcu la t ion  we 
m u s t  take A and B equal to 0.055 and 50 for the reg ion  
100 < Re <-- 300; 0.805 and 37 for the reg ion  6 < Re -< 
-< 100; and 4.45 and 24 for the r eg ion  Re -< 6 [2]. 

Taking V(x, r)  = const  for succes s ive  in tegra t ion  
(for a chosen pitch), we shal l  t r a n s f o r m  the d i f fe ren-  
t ia l  equation (16) to the following form:  

dt  = dVo (17) 
~v~ + ~ vo ' 

where  ~ = 0.75A91 (d p:)-~; (~ -- 0.75 B ~1 ( d29~) -1- 
In tegra t ing  (17) within the same  l imi t s  as in (14), 

we obtain 

t = 1-Lln  Vo[1 q - ~ V ( x ,  r)] (18) 
V(x, r ) [ l+~Vo]  ' 

where  ~ = Ad(Bv) - i .  
Knowing the value of ve loc i ty  V(x, r )  (Eqs. (7) and 

(8)), we choose a value of pitch, depending on the r e -  
quired degree  of accuracy ,  and d e t e r m i n e  the par t i c le  
t r a j e c t o r y  by a succes s ive  computa t ion  method.  More-  
over ,  the equat ions (15) and (18) obtained allow us to 
de t e rmine  the r e l a t i ve  veloci ty  and the t ime  dur ing  
which the pa r t i c l e  has the r e l a t ive  veloci ty .  

By way of example  we shal l  de t e rmine  the t ime  t 

for which the r e l a t ive  veloci ty  a t ta ins  the va lues  V 0 = 
= 50 m / s e e  for a pa r t i c l e  with d = 100 ~ for V(x, 0) = 
= 150 "m/see, P2 = 2000 k g / m  3, ~7 = 1.98 �9 10 -5 N " 
� 9  m2, Pl = l - 3 k g / m  3. F r o m  Eq. (18), t =  0.813 
sec.  For  the same  condi t ions ,  but f rom Eq. (15), t = 
= 0.061 sec.  

It i s  seen f rom the example  given that cons ide rab le  
e r r o r s  a r i s e  in  us ing  Eq. (15) to ca lcula te  the t ime  t 
when the pa r t i c l e  in fact i s  moving in the reg ion  Re > 
> 1 .  

NOTATION 

V x, Vr-components of absolute velocity of the jet in a cylindrical  

coordinate system x, r, m/see; Vs-absolute velocity of a second- 
ary stream into which the jet discharges, m/see; Vs---excess veloc- 
ity Vs, i.e., Vx = Vn + V0, m/see; Vd-discharge velocity of the 
jet from the nozzle, m/see; V2-particle velocity, m/see; V0- 
relative velocity of the particle, m/see; ~, u-viscosity of the 
medium, N.sec/m 2 and m2/sec; Pt, pz-densities of the medium 
and of the particle, kg/mZ; d-particle diameter, m; t-time, 
sec; D-nozzle diameter, m; ~1 = (x-k a)/D; ~2 = r/[D (x + a)l~ 
a, C--constants. 
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